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Abstract 
> ■ 

' We consider a family of dispersion generalized Benjamin-Ono equations (dgBO) 



ut - d.:,\D\"u+\u\^'^d,^u = 0, {t,x) e M X M, 



\^ i where jDj^u = \S,\°'u and 1 < a < 2. These equations are critical with respect to the 

' norm and global existence and interpolate between the modified BO equation (a = 1) 

. and the critical gKdV equation [a — 2). 

First, we prove local well-posedness in the energy space for 1 < a < 2, extending 
results in [19]-[20] for the generalized KdV equations. 

Second, we address the blow up problem in the spirit of [151 [30] concerning the critical 
gKdV equation, by studying rigidity properties of the (dgBO) flow in a neighborhood of 
' the solitons. We prove that for a close to 2, solutions of negative energy close to solitons 

blow up in finite or infinite time in the energy space . 

The blow up proof requires both extensions to (dgBO) of monotonicity results for local 
norms by pseudo-differential operator tools and perturbative arguments close to the 
(gKdV) case to obtain structural properties of the linearized flow around solitons. 

Resume 

Nous considerons une famille d'equations de Benjamin-Ono a dispersion generalisee 
(dgBO) 

ut-d:,\D\°'u+\u\^°'d^u^Q, {t,x) e M x R, 

oil = et 1 < Of < 2. Ces equations sont critiques par rapport a la norme et a 

I'existence globale et sont des interpolations entre I'equation de Benjamin-Ono generalisee 
critique (a — 1) et I'equation de Korteweg-de Vries generalisee critique {a — 2). 

D'abord, nous montrons le caractere bien pose de ces equations dans I'espace d'energie 
pour 1 < a < 2, etendant les resultats de [l9]-[20] pour les equations de Korteweg-de 
Vries generalisees. 
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Ensuite, nous etudions le phenomene d'explosion dans I'esprit de [25l [S^ concernant 
I'equation de gKdV critique, en etudiant les proprietes de rigidite du flot de (dgBO) dans 
un voisinage des solitons. Nous montrons que pour a proche de 2, les solutions d'energie 
negative proches des solitons explosent en temps fini ou infini dans I'espace d'energie . 

La preuve de ce resultat d'explosion necessite d'une part I'adaptation a (dgBO) de 
resultats de monotonie de normes locales par des methodes d'operateurs pseudo- 
differentiels et d'autre part des arguments de perturbation proche du cas (gKdV) pour 
obtenir des proprietes structurelles du Hot linearise autour des solitons. 

1 Introduction 

We consider the following dispersion generalized Benjamin-Ono equations (dgBO) 



ut- 8^101°" u+\u\^"d^u = 0, {t,x)eRxR, (1) 

where l-Dl"^ is such that = \S,\'^u and 1 < a < 2. Formally, the following three quantities 

are conserved for solutions 

J u{t,x)dx = j u{0,x)dx, (2) 
M{t) = j u^{t,x)dx = M{0), (3) 

E(t)=y ^ii«|f„p-^_ix_j E(o)^ (4) 



Recall the scaling and translation invariances of equation ([T]): if u{t,x) is solution of ([T]) 
then, for all Aq > 0, xq G M, 

_1 -(2+-^) 

u\g^xo{t^x) = -^0 "^('^o " ^) -^0 " ~ ^o)) is also solution of ([TJ. 

In particular, note that for any Aq > 0, xq G R, ||^iAo,a;o IIl^ = II^IIl^, which means that ([1]) 
is a family of critical equations interpolating between the critical Benjamin-Ono equation 
(also called modified Benjamin-Ono equation) 

ut- d-,\D\u + u'^d^u = 0, {t,x)£RxR, (5) 

and the critical generalized Korteweg-de Vries equation 

ut + dlu + u^d^u = 0, {t, x) eRxR. (6) 

1.1 Local well-posedness in the energy space 

Recall that the local Cauchy problem is known to be well-posed in the energy space H2 both 
for the critical (gKdV) equation - see Kenig, Ponce and Vega [20] - and for the critical (BO) 
equation - see Kenig and Takaoka [2lJ. The first objective of this paper is to present a local 
Cauchy theory for ([1]) in the energy space for 1 < a < 2. 

Theorem 1 (Local well-posedness in the energy space). Let 1 < a < 2 and A > 0. Let 
uq G H2 be such that ||tto||^Q < A. Then there exists a unique solutionu G C([0, T], 2")nZr 
of 

Ut - d^\D\'^u±\u\'^°'d^u = 0, {t,x) G M X M, 
u{t = 0) = uo, xe M, 
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where T = T{A) > 0. Moreover, the map uq ^ u £ C([0, T], H Ci Zt is continuous. 

Theorem [1] is proved by a contraction argument in Zt, see the proof of Theorem [1] for the 
definition of this functional space. The hnear estimates, mainly taken from [18] and [20], are 
gathered in Lemma [TJ 

Remark 1. Together with TheoremUl we obtain in this paper a property of weak continuity 
of the flow of equation ([T|) in the energy space, see Theorem 0. See also (25^ and fE/ for the 
cases a = 1, 2. 

In this paper, by solutions of ([T|), we mean solutions in the sense of Theorem [TJ 
For such solutions, it follows from standard arguments that the two quantities M{u{t)) and 
E{u{t)) defined in Q, ^ are conserved as long as the solution exists (see also Remark [2|). 



1.2 Blow up in finite or infinite time 

The second objective of this paper is to study global well-posedness versus blow up for equa- 
tions ([1]), i.e. in the focusing case. Recall that equations ([T]) are critical with respect to 
global well-posedness in the following sense. For fixed 1 < a < 2, the power 2a + 1 of the 
nonlinearity in ([!]) is the smallest power for which blow up is possible in the energy space, 
whereas from the critical Gagliardo-Nirenberg inequality 

2a+2 ^ n ( I \ n^„iA ( I „2 



< [^j \Diu\'J u'j , (8) 

it is a standard observation that small (in L^) solutions of ([!]) are global and bounded from 
Theorem [TJ Note that inequality ([8]) is easily proved using Fourier analysis and scaling 
arguments. See Proposition [TJ for the value of the best constant in ([8j), related to soliton 
solutions of ([TJ). 

Following Martel and Merle [25] and Merle [30] concerning the critical (gKdV) equation, 
we look for blow up solutions close to the soliton family, which we introduce now. We call 
soliton any traveling wave solution u{t, x) = Qxq{x — xq — Aq ^t) of the equation, with Aq > 0, 

_1_ _2_ 

xq G M, Qxoi^) = Aq "Q(Ao "x) and where Q solves: 

l^rQ + Q- 2^Q^"+^ = 0, QGFt, Q>0. (9) 

For the critical (gKdV) case {a = 2), it follows from standard ODE arguments that there 
exists a unique (up to translations) solution of ([9]), which is 

Moreover, Weinstein [40] proved that the function Q provides the best constant in estimate 
([8]) for a = 2. For general values of 1 < a < 2, existence of a positive even solution of ([9j) 
is known by variational arguments, see Weinstein |41[ H3] and Proposition [TJ of the present 
paper. Such a solution is called a ground state of Q. However, no explicit formula is known 
for Q and uniqueness is an open problem. Note in particular that the striking uniqueness 
proof of Amick and Toland jjj for the Benjamin-Ono equation (BO) 

ut- d^\D\u + ud^u = {), (t,x)GMxM, (11) 



3 



does not seem to apply to other than quadratic nonUnearity. 

For a < 2 close enough to 2 (i.e. when the model is close in some sense to the critical 
generalized KdV equation), by perturbative arguments, we are able to extend some properties 
of the (gKdV) case. In particular, we prove uniqueness in some sense of the ground state of 
Q. We also prove in this framework a crucial rigidity property of the linearized flow around 
soliton (hereafter called linear Liouville property), see Proposition [2j 

From this linear Liouville property and monotonicity properties of local quantities 
(proved in Section 4), we can extend the main results in |25j and |30) to the dispersion 
generalized BO equation ([T]) for a close to 2. In particular, we claim the following result of 
finite or infinite time blow up. 

Theorem 2 (Blow up in finite or infinite time). There exists G [1,2) such that for all 
a G {aQ^2), the following holds. 

(i) There exists a unique even positive solution Q o/ Q which minimizes the constant Cq 
in 

(ii) There exists > such that if u{t) is an solution of ([1]) such that 

E{u{id)) <0 and j u^{Q) < j + /3o, 

then u{t) blows up in finite or infinite time in H^. 

Note that from the Gagliardo-Nirenberg's inequality with best constant (see Proposi- 
tion d]) E{u{{))) < implies that / u{'Sf > J Q^. Therefore, we prove blow up in finite or 
infinite time for any u{0) such that E{u{0)) < 0, / < / 'u^(O) < / Q'^ + (3o, which is a large 
class of initial data close to Q up to the invariances of the equation (see Lemma (H). 

As mentionned before, Theorem [2] (i) is obtained by perturbative arguments. Further 
natural properties of Q - such as decay at infinity - are also presented in Proposition [TJ 

Theorem [2] (ii) is the extension to ([1]) of the main result in [30] following the same strategy 
based on rigidity properties of the nonlinear fiow around solitons. First, we prove a nonlinear 
Liouville property around the soliton as a consequence of the linear Liouville property above 
discussed. See Section 5 where we extend the main results of [25j. Then, in Section 6, we 
prove blow up in the sense of Theorem [2] by a contradiction argument, using the nonlinear 
Liouville property and the additional invariant f u{t) = f u(0), as in [30] . 

We now discuss how techniques involved in f25j and [30j have been extended to eq. ([I]). 

• Monotonicity properties of local quantities. These arguments were developed in [25] 
and [30] in order to study the variation in time of the norm of the solution in various 
regions of space (on the left or on the right, in some sense, to the soliton). For the critical 
(gKdV) equation, these monotonicity arguments are mainly based on the Kato identity 
and refined estimates on the nonlinear term in this identity. For Benjamin-Ono type 
equations, such localization arguments are subtle to adapt due to the nonlocal character 
of the linear operator. Such monotonicity arguments were developed in [T7] to prove 
asymptotic stability of the solitons for the (BO) equation, but the arguments in [17] 
seem to work only for the operator \D\, i.e. for a = 1 in ([T|). In the present paper, 
we extend these results to any a £ (1,2) using tools from pseudo-differential calculus. 
Section 4 is devoted to these arguments. 
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• Weak continuity of the flow. In addition to the local Cauchy theory, we need the weak 
continuity of the flow of ([1]) in several key limiting arguments. See Theorem [3j 

• The linear Liouville property. The linear Liouville property is obtained by perturbation 
of the (gKdV) case, originally treated in [25]. In this paper, we rely on the approach of 
i23j. 

It follows from the arguments of this paper that Theorem [2] holds true for any 1 < a < 2 
provided the linear liouville property is assumed. Indeed, it is the only part in the proof of 
Theorem [5] where we need perturbative arguments close to the (gKdV) case. In particular, 
the monotonicity arguments and the overall strategy work for any 1 < a < 2. 

Remark finally that in addition to |25] and |30j . two further works ( |26j and |27j ) provide 
refined information about the blow up phenomenon for the critical (gKdV) equation close to 
the soliton family. Indeed, in [26], the soliton Q is found to be the universal blow up profile 
in the context of Theorem [2j The proof is based on an additional rigidity property of the 
(gKdV) flow around solitons in a blow up regime. Finally, |27] proves blow up in flnite time, 
together with an upper estimate on the blow up rate, provided that the initial data has some 
space decay. However, note that the blow up problem for the critical (gKdV) equations is 
not yet completely understood, in particular the blow up rate. The case of the nonlinear 
Schrodinger equation is by now much better known, see Merle and Raphael |3H [32l '33] and 
references therein. For simplicity and brevity, we do not try here to extend results of [26j and 
[27] to (dgBO) equation. 

1.3 Plan of the paper 

The paper is organized as follows. In Section 2, we prove Theorem [TJ In Section 3, we study 
the stationary problem ([9]) in the general case 1 < a < 2 and obtain further properties in the 
perturbative case where a is close to 2. In Section 4, we present monotonicity properties 
for the model ([1]) for all a E (1, 2). In Section 5, we deal with solutions close to a (bounded) 
soliton and finally in Section 6, we prove Theorem [21 i.e. for a close to 2, blow up in finite or 
infinite time for negative energy solutions close to solitons. 

Acknowledgments. Part of this work was done while the second author was visiting the 
University of Chicago. He would like to thank the Department of Mathematics for its hos- 
pitality. The second author was partly supported by the French Agence Nationale de la 
Recherche, ANR ONDENONLIN. 

2 Local well-posedness in the energy space 
2.1 Proof of Theorem [1] 

We denote the Fourier transform by T{f){^) = /(^) = / e^"^^^ f{x)dx. 
We introduce the group Wa{t) defined by 

HWa{t)fm = e''^\^\''^^m, l<a<2. 
Then, we claim (or recall) the following linear estimates (we use classical notation from [20] ) . 
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Lemma 1. For < T < 1, there exist C > such that, for all uq ^ L? , then 

{{) sup||M^„(t)Mo||L2 <C||no||L2; 
t 

(ii) \\\D\^W^{t)uoh^L^^<C\\uoh2; 

(m) for all uq € H^^^, \\WUt)uo\\ < CT'^^uqW^^; 
for < /3 < a/2, there exists 7 > such that, 

(iv) \\\D\^Wa{t)noh^Ll < CT^hoh^; 

(v) for all uo € H"/\ \\dMt)no\\ l^^ < CT^||no||^,./2; 

(vi) for all uq E H'^'^ , where Z?'*' > ^ " ^> \\Wa{t)uo\\ l^c. < C\\uo\\hP+; 
for all h G LI.L'^, 

{vii) \\\D\^ fw^{t-t')h{t')dt'\\L^L. < Cm^^ri; 



JO 

{via) sup W'"^ f Wc,{t-t')h{t')dt'\\L2 <C\\h\\ 

0<t<T Jo 

for < f3 < a, there exists 7 > such that, 

(ix) \\\D\^ fwa{t-t')h{t')dt'h^L2 < cr^ll/illiiL^; 

Jo 

there exists 7 > such that, 

(x) sup II fw^{t-t')h{t')dt'\\L2 < CT^||/i|Lii2 ; 

0<i<T Jo ^ 
for all h G L\l\ such that dxh G L^L^', 

(Xi) II /V«(t-t')5x/i(t')dt'||L?"LS? < C||a,/l||,.ii2 



Jo 

Proof, (i) is the classical conservation law, and (ii) (sharp Kato smoothing effect) is proved 
in [19] Lemma 2.1. 

By Sobolev embedding 

\Wa{t)uo{x)\^ < C\\Wa{t)uo\\l^ < C\\uo\\l^ (12) 

Integrating (|12p with respect t, we obtain (iii). 

To prove (iv), we first write uq = no,i + uo^2 where uo,i(0 = X|g|<M^o(0' for M > to be 

chosen. Consider |||D|'^Wa(i)'Uo,2||Loo/,2 and let ^0,2 such that ^0,2(0 = |ifI/2 ^o,2(C); so that 

' x t ' ' 1^1 

we have \D\°'/'^Wa{t)vo^2 = \D\^Wait)uo^2- Using (ii), we see that, since (3 < a/2, 



\\\DfWa{t)uo,2\\L^Ll < C\\vo,2\y < CM^-"/' lino 11^2. (13) 
Consider now |Z)|^no,i. Then, |||L>|^'Uo,i||j:^w2 < CMI^+''/^\\uo\\l2. From (iii), 

|||Z?|^W^,(t)uo,i||i^^2 < CT'/'M^+"/'\\uoh2. (14) 
Choosing M" = T^^/^, estimate (iv) follows from ([T3D and (fn|) . 



Writing \D\ = \D\^~'^I'^\D\'^I'^ we use (iii) and (iv) and the fact that 1 - a/2 < a/2 to 
prove (v). 

In dS], proof of Theorem 2.7, page 332, it is proved that if |^| ~ 2^ (or |^| < 1 for = 0) 
we have, for with that support 

\\Wa{t)u^\\LlL^ < C2'=("+i)/^ lino 11^2. (15) 
Also in [18], Theorem 2.5, it is proved that 

\\Wo^{t)uo\\LiL^ <C|||2?|i/^no||L2. (16) 
Write now ^ = ^ + then = ^ — 1 G (0, 1), by interpolation, we get, 

\\W.{t)u4Ll'^L^ < C2^'(i-^)/^2^(i+°)^/^||no||i2 = C72^'(3-)/4||„o||l- (17) 

which implies (vi). Note that (jl7p is more precise for uq supported in |,^| ~ 2^ . 

Estimates (vii) and (viii) are proved in a similar way as (3.8) and (3.7) in [20j. We omit 
their proofs. 

Let e ^C^,9=l for \i\ < 1, OmU) = 0{C/M), Vm(0 = 1 - ^m(0 where M > 1. Write 
h = /ii,A/+/i2,Af, where /ii,Af (t,^) = 6'm(0^(*;C)- Write h2,M by (/i2,M)^(i,0 = ||p/i2,M(i, 0- 
Thus \D\P f!,Wa{t-t')h2,Mit')dt' = \D\" f;^Wa{t-t')h2,Mdt'. Let f]M{C) = }|pV'Af(e)- Using 
a dyadic partition of unity in frequency space and Bernstein inequality, we claim J {"^mI < 

Thus 

\\hM\\LlLl<CM--^\\h\\LiLl (18) 

so that by (vii), 

I^W4t-t')h2,M{t')dt'h^L2^ < CM'^-^Ml^lI- (19) 

Next, we consider IDI^^ J^Wait - f)hi^M{t')dt' . Then, let us define fiMiO = |^|^(O^Af(0 
where (,^)^ = 1 + |CP- Then, ||/UAf ||l2 < CAf^+^Z^. Morever, for a fixed t, we have by Sobolev 
embedding. 



1^1^ /d Wait - t')hi,M{t')dt' < C\\ Wait - t'){D)\D\^h,,Mit')dt'\ 



LI 



rT ^ 



<Cj^ yM*Kt')\\Lldt' 
(■T 



Hence, pick M so that M^+^Z^ = r~^/2^ (jjgj) g^j^^j ^ ^^^^^ estimate (ix). 

We obtain (x) by duality to the case /3 = of (iv). Let g G L^.L'^, IbllLiL^ = 1. Then 

j j Wait)uoix)git,x)dxdt = j j uoix)Wai-t)git,x)dtdx. (21) 



'0 

So estimate (iv) is equivalent to 

r-T 



^ Wai-t')git',x)dt'\\L2<CT^\\gU,L.^. (22) 
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Fix < t < T, let g{t',x) = X[o,t]{t')h{t,x), then 

II fw^{-t')h{t',x)dt'\\L2 < CT^hW^^L^ (23) 
Jo ^ 

Apply now Wa{t) to the left hand side, which is an isometry in L^, to obtain (x). 

Let Pk be a projection on frequencies ~ 2'^ (or < 1 for k = 0), which is smooth on Fourier 
Transform side. Consider 



Tkh{x, t) = /o Wait - t')Pkd^h{-,t')dt'- 
fkh{x, t) = Wait - t')PAh{-,t')dt'. 

By (vi), localization in frequencies and (viii) we have, for | — j < < 

\\fkh\\L2o.L^ = \\Wa{t) !^ Wa{-t')Pkd.,h{-,t')dt'\\Ll<=^L^ 

<C2^(P+-^I^)\\ \D\^I^Wa{-t')PAh{;t')dt'\\L2 
< (j2HP+-^m\\ |D|"/2VF'„(r - t')Pkd^hi;t')dt'\\L2 



(24) 



(25) 



Using the version of the Christ and Kiselev's lemma in Molinet and Ribaud [M], Lemma 3, 
we obtain, 

WTkhhlc^L^ < C2^(^^-"/2)||5./i||^w. . (26) 



The sum of right side of (j2.ip being convergent, (xi) follows. □ 

We are now ready for our well-posedness result in the energy space. Theorem [H 
Proof of TheoremlJ^ Let Zt be the space defined by the maximum of the following norms, 

sup ||n||^<./2, |||-Dr^i||L^L2 , T-'^\\u\\l^lI, ' ll^llii-L??' 

for some 7 > to be chosen. 

Fix uo G i?"/^, ||iio||ii/c«/2 < A. For R, T to be determined, let -B_r,t = {v ^ Zt^ II^IUt < 
R]. Let 

^u,{v) = Wa{t)uo± [ Wa{t-t'){\v\''''d,v){t')dt'. (27) 

Jo 

We will show that, given A, we can find R, T such that <I>„p(v) : Bu t Bh^t and is 
a contraction there. First, note that (i), (ii), (iii), (iv) (with j3 = 1/2), (v), (vi) show that 
||WQ,(f)MolUT — C*^, for some 7 > 0. 

Now, we work on the Duhamel term. It is easy to see that, using (vii), (viii), (ix) (with 
/3 = and /3 = 1), (x), (xi), we have 

II Wa{t - t')\v\^'^d.vdt'\\zr < c{\\\v\''^dM\LlLl + \\\v?''v\\lILi] 

<CT^||t;||2|„^^||t;||z^, 

for some 7 > 0. We now choose R = 2CA and T so that C{2CAf°'T'^ <CA = \R, which 
gives : Br^t Br^t- 
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For the contraction property, we estimate, 



\\v\^'^d^v - \wrd^w\ < \{\vr - \wr)d^w\ + Wvl^'^d^iv - w)\ (29) 

since — < C\v — w\{\v\'^'^~^ + |wp"~"'^) and a > 1, this allows to conclude the 

proof (we argue similarly for ||f — |?i;p'^7u|). □ 

Remark 2. From TheoremUl it follows that for any initial data in , we can define a 
maximal solution to the problem. Moreover, either this solution is globally defined or it blows 
up in finite time. 

From the previous arguments and estimates, it is standard to obtain the property of per- 
sistence of regularity, i.e. if the initial data belongs to some , for s > ^, then the maximal 
solution u{t) of the equation belongs to as long at it exists in . In particular, by density 
arguments and continuous dependence upon the initial data, we can approximate any by 
smooth solutions in C([0, T], 2"), which allows us to prove rigorously the conservation of 
mass and energy ([3]) and 

2.2 Weak continuity of the flow 

Theorem 3. Let 1 < a < 2. Let {un\n be a sequence of solutions of ([7]) in [0,T]; assume 
that «n(0) ^ uq in weak. Assume also that (without loss of generality) ||ti„(0)||^a. < A, 
\Wo\\fj§ ^ < T{A) as in TheoremUl Then, if u{t) is the solution of ([7|) corresponding 
to uq, we have 

yt G [0,T], Unit) u{t) in weak. 

Note that for a = 1, the result is proved in the final remark of fH] (see also [TTj) and for 
a = 2, it was proved by different arguments in [25]. 

Proof. For 1 < q < 2 we remark that a slight modification of the proof of Theorem [1] gives 

us the local well-posedness in H 2 for 1 < a' < a. Then, the proof is identical to the one in 
Theorem 5 of |17j . using this remark. □ 

3 Properties of the ground states and perturbation arguments 

In this section, we first recall or prove general results about ground states for ([1]) for all 
1 < a < 2, mainly by classical variational arguments. Then, we prove specific results for a 
close to 2 by perturbation of the well-known results for gKdV. 

3.1 Existence and flrst properties of the ground states 

Proposition 1. Let 1 < a < 2. There exists a solution Q G Hf{R) D C°°(M) of ^ which 
satisfies the following properties 

(i) First properties: Q > on E., Q is even, Q' < on (0,-|-oo). 

(ii) Variational properties. The infima 



Ji = ^^^{- rH2^T2 ,forveH^}, (30) 



V 
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J2 = inf !^E{v), for v e H'^ such that J v'^ = / ' 
are attained at Q (J2 = 0). 

(iii) Linearized operator: let L he the unbounded operator defined on L^(]R) by 

Lv = \D\''v + v - Q'^°'v. 

Then, L has only one negative eigenvalue fiQ, associated to an even eig enf unction xo > 0, 
LQ' = and the continuous spectrum of L is [l,+oo). Moreover, the following holds 

inf I (Lr/,r/), for r] £ such that j rjQ = 0^ = 0. (32) 

1 2 

Finally, let Q\{x) = A^q(5(A~qx) for all X > and 

AQ = - (4tQ>) =-{Q + 2xQ') then L{AQ) = -2Q. (33) 
\dX J x=i 

(iv) Decay properties: 

yx G R, Q{x) + (1 + \x\)\Q'{x)\ + (1 + \x\^)\Q"{x)\ < ^^ttt--- (34) 

(1 +2;2)2(i+") 

Remark 3. In the following we call ground state an even positive solution of Q in the sense 
of Proposition [TJ 

The uniqueness (up to translations) of a positive solution Q of ^ is an open question. 
Even weaker versions of the uniqueness property are open : uniqueness of a ground state, or 
uniqueness in some neighborhood of Q. A related open question concerns the kernel of L, see 
below. 

Before proving the above proposition, we recall the following classical result. 

Lemma 2. Let 1 < a < 2. Let K{x) he such that K{£,) = e"'^'". Then, K is a real and even 
function, K > {) on M and K'{x) < for x > 0. 

Proof. For a = 1,2, K{x) is known explicitly. This result is not trivial for 1 < a < 2 
but known in probabilistic literature: K is the law of stable distribution, special cases of 
distribution of class L (see Gnedenko-Kolmogorov [10] Theorem page 164). Yamazato |45j 
proved the unimodality of distribution of class L, i.e. K'{x) < for x > 0. □ 

Remark 4. It follows in particular from the previous lemma that the operator \D\°^ for 1 < 
a < 2 satisfies properties (Ll)^i2, (L2) and (L3) of JJ^jj. 

We also recall the following identities satisfied by any solution of ([9]). 

Lemma 3. Let Q E Hi be a solution of Q. Then, 



In particular, 

R(n\ = f inf o|2 _ 

(2a + 
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Proof. Multiplying equation ([9]) by Q and integrating, we first find 

/ \D^Q\' + Iq' = ^ / Q'"^'- (36) 
Second, note that by Plancherel and integration by parts, for all u G 5, one has 



/ 



{-\Dru){xu,) = / \Dfu\\ 



Thus, multiplying the equation of Q by xQ' and integrating, we obtain 

(a - 1) / iDtgp - [q' = , ,1 , / (37) 



(2a + l)(a + l 

Combining ([M]) and ([HZD, we find i^. □ 

Sketch of the proof of Proposition The existence of a solution Q of dH) satisfying (i) , (ii) 
and (iii) follow from Weinstein's arguments |4H 132} HHl HI] and Lemma El Property (iv) 
follows from Amick and Toland's arguments, see [1]. 

Let us sketch the proofs, (i): Follows by Theorem 3.2 in [l3] and remark HI 

(ii): As in |4HI44). a suitable solution Q{x) is obtained by minimizing the functional ji{v), 

a 

defined for v £ by 

[f\Dfv\') ilvT 



I 



2a+2 



Note that by Theorem XIIL50 in [35j, Lemma O Remark IH and Lemma 6 in [43j, for all 

{\Dnv\*,\vn<{\Drv,v), 

where v* the symmetric decreasing rearrangement of v. Thus, in the minimization procedure, 
one can always assume that the minimization sequence is composed of nonnegative and even 
functions. It is not possible here to use the decay properties of radial functions as in 
|41) . since such an argument is limited to space dimensions larger than or equal to 2 . One 
rather uses the concentration-compactness approach ([22]) on a suitable continuous family of 
variational problems related to ji{v), as in j43j . 

Once a nonnegative, symmetric decreasing, minimizer ip of ji is constructed, we verify 
that for some constants a, 6 > 0, Q{x) = a'ip{bx) satisfies 

I^TQ + Q- 2^Q^°+^ =0, Q£Hf, Q>0, Q' < on (0,+oo), Q even, 
and ji{Q) = inf{ji(t;) for v £ H^}. By Lemma [3l we have E{Q) = 0. In particular, the 

a 

definition of Ji implies that for all v G H^^ 

^|2"+2< ("/^y f |^f^|2^ (38) 



(2a + l)(a + l) 7 ' ' ~ \ fQ 

which is the sharp Gagliardo-Nirenberg inequality in this context, and which means that if 
Jv^ < f Q^, then E{v) > 0. 

Note that also that for two different solutions Q and Q of ([9]), both minimizers of ji, we 
have \\Qh2 = \\Q\\l2. 
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(iii) : Exactly as in the proofs of Propositions 4.1 and 4.2 of [l3] and Proposition 2.7 of 
|41) . we obtain that 

= inf{(Lt;|t;), for v € , j '"Q = 0}' 

and {LQ, Q) < 0, so that there exists exactly one negative eigenvalue of L, related an even 
eigenfunction xo which can be taken to be positive. Moreover, the continuous spectrum of L 
is [1, +oo). 

1 2 

Finally, from the equation of Q\{x + xq) = A^q(5(A^~(x + xq)), we have 

\D\''Qx{x + xo) + \^Qx{x + xo) = TT^Qf ""'(^ + ^o). 

la + 1 

Differentiating with respect to xq and taking xq = 0, A = 1, we find LQ' = 0; differentiating 
with respect to A, and taking xq = 0, A = 1, we find L{AQ) = —2Q. 

(iv) : Proof of the decay property. For this part, we first recall the following facts from 
m. For a function F : M M, we denote by / : ^ M (M^ = M x [0, +oo)) the extension 



/(x, 0) = F(x) on M, dlf + 9^/ + ^^dyf = on 



1 — a , 



Then, from 0], there exists a constant Ca > such that, on R, 

CalDl'^F = - lim y^-'^dyf. 

This generalizes a classical observation for a = 1. 

Next, following [Il[2], if Q is solution of Q, and q{x,y) is its extension to M^, then q 
satisfies 

dh + dlq + ^—^dyq = on M?_, 
" y 

lim y'-'^dyq = cJq- -^g^.+A ^ = q, 
y^0+ \ 2q! + 1 J 

lim |g(x, 0)1 =0. 

\x\—^+oo 

From ^ and [H [2] , we are led to set 

G (xy)=( f ^-^ V'e^^" Pe-^(^+-)" + dco 

''^ [j (l + ixr)"^) Jo (x^ + iy + u^r)'-^ ' 

so that q{x, y) satisfies on 

r+oo 

li^^y) = n — rr Ga{x - z,y)q^'^+'^{z,y)dz. 

Prom this expression, we get the decay estimate (j34p following exactly the same arguments 
as in pp. 23-24 of [2] and using immediate estimates on Ga- □ 
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3.2 Linear Liouville property by perturbation around the gKdV case 

We have summarized in Proposition [T] standard results about ground states of Q which hold 
for any 1 < a < 2. It seems that the following two natural questions are open. 

Definition 1 (Uniqueness of the ground state). We say that the ground state satisfies the 
uniqueness property if there exists a unique ground state solution of Q . 

Definition 2 (Kernel property). Given a ground state solution Q of ([9]), we say that the 
operator L defined in Proposition [7] satisfies the kernel property if 

Ker(L) = span{Q'}. 

Note that in the (gKdV) case (a = 2) by classical ODE arguments, the ground state 
satisfies the uniqueness property and L satisfies the kernel property As a consequence of 
perturbation arguments, we are able to prove that, for a < 2 sufficiently close to 2, the 
ground state Q = Q^^] satisfies the uniqueness property and L = Lj^,] satisfies the kernel 
property . See Proposition [2] below. 

It is standard to observe the following consequence of the kernel property. 
Lemma 4. Assume L satisfies the kernel property. Then, for some constant /i > 0, 

VfGFt, jvxo = jvQ' = =^ (Lt;,u) > ^||t;||^i. (39) 

Proof. This is a direct consequence of the spectral theorem and Proposition [T] (iii). Since 
the operator L has only one negative simple eigenvalue, finitely many positive eigenvalues 
in (0, ^] (by the Fredholm alternative), and since the eigenvalue is supposed to be simple, 
orthogonality with respect to xo Q' indeed ensures the coercivity of L. □ 

To study the nonlinear fiow around the solitons, we will also need the following funda- 
mental rigidity property of the linearized fiow around a ground state. 

Definition 3 (Linear Liouville Property). We say that L satisfies the linear Liouville property 
if all bounded solution w{t) of 

wt = d^{Lw) (t,x)EM, 

such that 

Ve > 0, > 0, G M, / \w{t,x)\^ dx < e (40) 

J\x\>B 

is necessarily w{t^x) = cqQ'{x) for some cq G M. 

Clearly, the linear Liouville property implies the kernel property, since an element of the 
kernel of L satisfies the desired conditions. But we do not know if the converse is true, i.e. 
we do not have a proof of the linear Liouville property assuming the kernel property. It is of 
course a much stronger property, related to the evolution problem. It was proved for a = 2 
in [25] and [23] by Virial type identities and the variational characterization of Q. Again, we 
are able to use perturbative arguments to prove this property for a <2 sufficiently close to 2. 

We gather these perturbative results in the following proposition. 
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Proposition 2. There exists oq G [1, 2) such that for all ao < a < 2, the following properties 
hold. 

(i) There exists a unique (positive, even) ground state solution Q = Q^^j £ of ([9]) and 

Q[a] ~^ Q[2] as a ^ 2" in . 

(ii) Variational characterization of Q: \/u € , 

E{u) = 0, j = j Q^, j = j II-D|^QP ^ u = ±Q(.-xo), xo G M. (41) 

(iii) The kernel property holds true. 

(iv) The linear Liouville property holds true. 

Proof of Proposition\^ The proof of Proposition [2] is perturbative. Let us denote by (5[2] the 
unique positive even solution of ([9]) given by pO|) . 



(i) Let a„ — )• 2 be an increasing sequence and for all n, let Q[oin] be a solution of dH) given 
by Proposition [H First, we claim that lim„^+oo = Q[2]- Indeed, from (i38]l applied to a 
given function w, we obtain J Qfa] — Then, by LemmaO ||Q[q,,^] ||^^ < C, and using the 
equation of it follows that Q[a„] € and ||Q[a„]||Hi ^ C. In particular, there exists 

V G H^, a weak limit in of a subsequence of Q[a„]^ still denoted by Q[a„]- It is easy to 
see that V ^ 0, using Lemma [3l Indeed, since 



I QU < C\\Q[^J\r^ I Q' 



2 



it follows that Q[a„]{^) = ||Q[a„]||L°° > ci > and since weak convergence implies uniform 
convergence on compact sets, we obtain V{0) 7^ 0. 

Moreover, we easily check that V satisfies equation ([9]) with a = 2 and thus by uniqueness, 
we deduce V = Q[2]- 

To obtain the strong convergence, we just observe that 

limsup / Qf„^] < / Qfa] 

n— i>+oo J J 

follows from the following consequence of Lemma [3] 
[{an + l){2an + 1)]-^ (I Qf„„]) " = ji,K](QM) 

< Ji,K](Q[2]) ^ Ji,[2](Q[2]) = [15]-^ Ql 

This gives strong convergence. To obtain convergence, we just use the equation of 
Q[a„] and interpolation argument. 

Second, we consider two sequences Q[a„] and Q[a„] of solutions of ([9]) as in Proposition [TJ 
By the first observation, we have — )• Q[2] and Q[a„] ~^ Q[2] in -fr^(K). Moreover, by the 
equation satisfied by and Q[a„], we have 

\\\DrHQla,.] - < - Qi^Jl^. (42) 



2 

[2] 
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Let 

Wn = ~ 

\\Q[a„] - Q[a„]\\m- 

3 

By (|12]) . the sequence Wn is bounded in H2 (say > 3/2). A more precise computation 
using the equations of Q[a„] and Q[a^] shows that the function Wn satisfies 

where we observe a special cancellation. Using this estimate, the bound of the sequence 

3 

in H2 and standard Fourier analysis, we find 

lim {L,2]Wn,Wn)L2 = 0. 
n— ^+00 ^ ' 

It is known that ([39]) holds for a = 2, moreover, it can be rewritten as 

2 



By parity properties, we observe / WnQ'^2] ~ ^- previous equation, and (f39]) . we 

have 

/" 1 1 1 

/ WnX0,\2] = {L[2]X0,Wn) = {L[a„]XO,Wn) + o(l) = —{XO, L[a„]Wn) + o(l), 

and thus lim„_j.4.oo / WnXo,[2] = 0- Since = 1, we find a contradiction for n large 

enough. 

Therefore, there exists oq G [1, 2) so that there is one and only one solution of ([9]) satisfying 
the properties of Proposition [TJ 

(ii) Variational characterization. It follows from the arguments of the proof of Proposi- 
tion [1] Indeed, for such a function u, \u\ is a minimizer of Ji and satisfies the same equation 
as Q. By the uniqueness result of (i), it follows that \u\ is a translation of Q. Thus, u being 
continuous, it is a translation of Q or —Q. 

(iii) Using a similar argument and possibly taking qq closer to 2, we can prove directly 
that Ker(L[fj]) = spanjQj^]} for a £ [ao,2]. It is also a consequence of the linear Liouville 
property proved below. 

(iv) Now, we prove the linear Liouville property for a close to 2. The proof is by contra- 
diction and similar to (i), using a compactness argument. For the sake of contradiction, we 
assume that there exists an increasing sequence — ^ 2 and functions ^^(t, x) satisfying 

{Wn)t = iL[a„]Wn)x, 

Wn{t) ^ a„(t)Q'^^], sup \\Wnit)\\^2^ < Cn, 

Ve > 0,3B„(e) > 0,Vt G M, / \wn{t, x)\'^dx < e. 

J\x\>B„{e) 

We introduce several auxiliary functions defined from Wn- First, set 

Wn{t) = Wn{t) ^ 
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satisfying 

Wnit) ^ 0, sup \\Wn(t)\\^s^ < C'^, / Wn{t)Q[^^] = 0, 
tGM J 

Ve > 0,3B„(e) > 0,Vt G M, / \wn{t, x)\'^dx < e. 

J\x\>B„{e) 

Moreover, using monotonicity arguments on Wn{t) as in Section 4 of the present paper and 
Lemma 4 in [23], we find (a„ > 3/2) 

r C 

Va;o>l,VteM, / \wn{t,x)\'^dx <snY>\\wn{t)\\\2 



3 

\x\>xo tm \xq\2 



In particular, by Fubini, we obtain 

VtGlR, i \x\\Wn{t)\^ <Cs\lv\\Wn{t)\\ 



2 

L2- 



Multiplying the equation of Wn by xitin and using the argument of Lemma [3l we find, for 
C > 0, 

^ j x{Wn{t)f < -Cim'^Wnmh + C'\\Wnmh, 

and thus, for all t E M, J^*^^ |||Z)| 2"tt;„(f)|||2 < C sup^gjj Utt'nlOllia- Therefore, from standard 
arguments, using the equation of Wn, 

sup||tD„(t)|| <^n < C sup ||t()„(t) 11^2, 

for a constant C > independent of n. 

Let tri be such that Utinl^n) ||l2 > ^ sup^gjg ||u)„(t)||2,2 and set 

_ . Wn{tn + t,x) 



SO that we have 



||w^n(0)||L2 > ^, sup \\Wn{t)\\^2rL <C, j = 0, 



Vxo>l,VtGM, / |t()„(t,x)|^(ix < 

^ \x\>X() 

Finally, we set 



C 



\x\>xo |rEo|2 



Wn{t) = Wn{t) - j dn{s)ds 
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so that 



{Wn)t = (-L[„„]U'n)x 
1 

2 



> L \\Wnm\^^ < C, I Wn{0)Q[a„] = 0, 



c 

Vxo > 1, / \wniO,x)\'^dx < 



|x|>xo |rEo|2 

We are now able to pass to the strong hmit in , for any < 1^ < 1. 
and we define the solution w{t) of 

= {L[2]W)x, w{0) = Wq. 

By wellposedness argument in , we have Wn{t) — t- 'w{t) in . Moreover, 

6nit) 6{t) = ^^J, j w{t)L[2]iQ'(2])- 

Set in{t) = w{t) + QL, J"q ^(s)(is. Then 



[2] 

Vt G M, Wn{t) w(t) in F^" 

w{o) ^0, y «)(o)g(2] = 0, 

VtGM, Vxo>l, / \w{t,x)\'^dx < 

J \x\>Xn 



c 



3 

x\>xo i^^oh 



But the existence of such a t« is a contradiction with Theorem 1 in [23], i.e. the linear Liouville 
property for the gKdV case (see also [25]). □ 

4 Modulation and monotonicity for solutions close to solitons 

In this section, we consider 1 < a < 2 and Q is any ground state solution of Q. 
4.1 Modulation 

Lemma 5 (Modulation of a solution close to the family of solitons) . There exist C, eg > 
such that for any < e < eo, if u{t) is an H2 solution of ([T]) such that for ti < t2 and 
Ao(t) > 0, poit) G K, defined on [ti,t2], 

VtG[ti,t2], \\u{t)-Qx,it){.-pom\H^ (43) 
then there exist X(t) > 0, p{t) £ C^{[ti,t2]) such that 

r]{t, y) = {t)u (t, \i {t)y + p(t)) - Q{y) (44) 
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satisfies 



Vt G [ti,t2], 



Q'{y)v{t,y)dy = / xo{y)v{t,y)dy = o, 



< Ce, 



Moreover, setting 



+ \po{t)- p{t)\ <Ce. 

* dt' ,1, 
—2—, K7] = -(r] + 2y'qy) 

\^+^{t') « 



(45) 
(46) 



the function rj{s, x) is solution of 



where TZ{r]) = 
and the following holds 
Ps{s) 



2a+l 



A^(s) 



+ 



A.(s) 



A(.) 



< C 



v^{s,y ) 
i + y' 



dy <CMs)h2. 



(47) 



Sketch of proof of LemmalM This result is completely proved for a = 2 in [21]. For 1 < a < 2, 
the proof is exactly the same. In particular, the existence of the modulation parameters 
(A(t),p(t)) such that ()45p hold is based on the implicit function theorem. 

Then, the equation of r]{t), A(t) and p{t) is easily obtained from the equation of u{t), and 
the estimates (j47l) on A^, ps follow from the equation of r] multiplied by xo and Q' . Indeed, 
let us first introduce 

v{t,y) = X^{t)u{t,X^y + p{t)). 

Then, v{t,y) satisfies 

2a+2 ,, , > , ,o 2a+2 A/ 2a+2 Hj- 

X—vt - dy{\Dfv) + Ivl^^'dyv - X—^Av - X— ^dyV = 0. 



A- 



Using the new time variable s, since A ^ els = dt, 

1 



\D\'^v + v 



1 + 2a' 



X 



A^ 



Now, expanding v = Q + rj and using the equation of Q, we find 



r^s - dy{L7j) = ^AQ + 



Ps 



1 



2a + 1 



Ao 

IQ + ^?l'°(Q + r/) 



1 % 



1 



2a + 1 



Q 



2a+l 



To prove (f^7|l , we multiply the above equation by xo and then by Q' and we use the orthogo- 
nality conditions ([l5]) . Indeed, using decay properties of xo and Q' (proved as in Proposition[Tl 



iv) and (AQ,Xo) = -j^{AQ,Lxo) 



Mo 



(Q,Xo) / 0, (Q',xo) = 0, (AQ,Q') = 0, we obtain 



+ 



A " 



1 



< C 



V 



l + y2 

and for eo small enough, we obtain (f47|l . 



dy +C 



+ 



□ 
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4.2 Monotonicity argument on u{t) 

This section contains the main new argument of this paper, i.e. the extension to equation 
(dl) of the monotonicity arguments proved in [25], [30] for the (gKdV) equation and in 
\17\ for the (BO) equation. With respect to the (gKdV) case, the difficulty comes from the 
nonlocal character of the operator in ([T|). Note that in [17j, using special symmetry arguments 
and harmonic extensions, we could overcome the difficulty created the nonlocal operator \D\. 
For the general case of equation ([1]) with 1 < a < 2, we can prove similar results using 
pseudo-differential operators tools. This is the objective of this section. 

Using the standard notation (rc)^ = 1 + x^, we set, for ^ < r < ^(a + 1) to be chosen later 

r ds I /—. 



For j4 > 1 to be chosen, let 

ipA{x) = if . 
We now claim the following monotonicity results. 

Proposition 3. Let r G (^, ^{a + 1)] and < /x < 1. Under the assumptions of Lemma 
assuming in addition 

VtG[ti,t2], A(t)<2. (48) 

for eo = eo(/U,r) small enough and A = A(/i,r) large enough, there exists Cq = C{iJ,,r,A) > 
such that for all xq > 1, 

(i) Monotonicity on the right of the soliton: 
U^{t2,x)ipA{x - p{t2) - xo)dx 

f Co 

< / u^{ti,x)(fA{x - p{ti) - p{p{t2) - p{ti)) - xo)dx + ^ . 

J Xq 

(ii) Monotonicity on the left of the soliton: 

U^{t2,x)ipA{x - p{t2) + P{p{t2) - P{tl)) + Xo)dx 

(50) 



< j u^{ti,x)LpA{x - p{ti) + xo)dx + 



Xq 

The case a = 1 is treated in [17] by different techniques. For a = 2, the error term is in 
fact exponential in xq. See e.g. [25] . 

Proof. Let u{t) be a solution of ([T|) under the assumptions of Lemma [5l By standard reg- 
ularization arguments (density arguments and continuous dependence of the solution of 
upon the initial data), we may assume that u{t) is smooth (see Remark [2]). We prove (09]). 
Estimate ()50p is then deduced from (j49p . L^-norm conservation and the symmetry x — t- —x, 
t — 7- — t of the equation. 

For < p < 1, Xq > 1 and any t G [^1,^2], x G M, set 

x = x-xq- p{t) - p{p{t2) - p{t)), M^{t) = M^^A,xo,t2{t) = \ j u^{t,x)(pA{x)dx. 
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By direct computations, we have the following generalization of the well-known Kato identity 

m) 



dt 







1 




2 








1 




2 








1 



pt J u'^(p'j^{x)dx + J utuipA{x)dx (51) 
pt J u'^(p'/^{x)dx — J {dxi—\D\°'u) + \u\'^"ux)u(pA{x)dx 
Pt / u^ip'A{x)dx+ {-\D\°'u){uxipA{x) + u(p'j^{x))dx (52) 



+ 



1 



ur+^ip'A{x)dx. 



2(a + l) 

Two terms in the right-hand side of (152p are treated by the following two lemmas. 



Lemma 6. Let a G [1, 2], and r € (^, ^{a + 1)]. There exists C > such that, for all n G 5, 

{-\D\''u)uxip{x) < - ^""^^ J (\D\f {(l)u)y + C J u^ip'{x)dx. 
Lemma 7. Let a G [1, 2], and r G (i, i(a + 1)]. There exists C > such that, for all n G 5, 



{-\D\°'u)u(p'{x)dx < 



D\2{cPu)] +C I u^ip'{x)dx 



Assuming Lemmas [6HZ1 we finish the proof of the proposition. First, note that from 
Lemmas [6] and [71 by changing variables {x' = x/A), we find for any u £ S, 



(a-1) 



{-\D\°'u)ux(Pa{x) < - 
{-\D\°'u)uip'Aix)dx < 
By iH), dSD, we find 

M^{t) < (^ptil -l^)--^) I u^it)^'Aix)dx + 



^1 ^ (uy^/^A ) ) + ^ / u^^'j^ix)dx, 



C 



D\ 2 {u\/v'a ) I + ^ / u'ip'A{x)dx. 



.2, J 



(53) 
(54) 



1 



2(a + l) 



uf''+^ip'A{x)dx. 



Note that from (|47p for eo small enough 

Ps 



1 

A2 



1 

A2 



< 



1 1 

10A2- 



In particular, since A < 2, > 1/5. Choosing A large enough, we find 

1 



M'Jt) < -^—^pt / u^{t)^'A{x)dx + 



2(a + l) 



The constant A > is now fixed. 

Now, we estimate the nonlinear term as in [25j, using the decomposition (|44p and the 
decay of Q (I34p . Let ag to be fixed later. We decompose the nonlinear term as follows 



\u 



ip'A{x)dx = I -|- II, 
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where 

I 



f |u|2"+VA(5)dx and 11= /" 

J\x—p(t)\>ai) J\x—n(t)\<an 



\x-p(t)\>a(} J \x—p{t)\<ao 

On the one hand 

I< ||n(t)||i"^(|,,_^(,)l>,^) I u\'a{x) 
<c(||QA(i)|iroo(|,|>,„) + ||A-^r/(t,A-^.)lli°oo(|,|>„„)) j uVaCS) 

-2/+\ ( ll/OI|2a , ||^||2a \ / „.2, / 



< C\-\t) WQr^ . + ||r?||f. u'^'Ax) 

L°°(\y\>2 aao) 



for ao large enough and eo small enough (recall that X{t) < 2, 1 < a < 2). 
On the other hand, oq being now fixed, by and ([^7|) . 

Hi)iir. <^<cv 

Thus, by the definition of if a 

II< ||n(t)||2 2||^x(t)||i"oc||<^:4(5)llL-(|x-p{t)|<ao) < Cp^(xo + ^(p(^2)-p(^))>-'^ 

Estimate (f49|) is thus obtained by integration on [ti,t2]- □ 

Now, we prove Lemmas [6HZ1 

Proof of Lemma\^ We use commutator arguments and pseudo-differential operators tools. 
We recall here some well-known results which can be found for instance in Hormander [14] 
chapter 18. For simplicity we denote by {u\v) = f u{x)v{x)dx and \\u\\'^ = {u\u). 
We denote by S™'''' the symbolic class of symbol defined by 



^ I VA;,/3 G N, 3Ck,p > such that \d^d^a{x,^)\ < CkA^Y'^ {i)"^-!^ 



Following Hormander's notation, we have S""''^ = S{{xY{^)'^ ,g) where g = 4^ + j^. We 



(55) 



define the operator associated to a by the following formula for u G 5, 

a{x,D)u = — I e'''^a{x,Ou{^)dC (56) 
2vr J 

where the Fourier transform is defined by m(^) = J e^^^^u{x)dx. We recall here some results 
about the pseudo-differential calculus. 

Let a{x,£) G S"^'" , > 0, Vu G 5 then \\a{x,D)u\\ < C\\{xY{D)'^u\\ (57) 
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Let a(x,0 G S'™''?, there exists b{x,C) G S"™'* such that a{x,D)* = b{x,D) 
moreover, there exists ro(x,^) G 5'™--3,q-3 g^^^j^ ^j^g^^ ^gg^ 

We recall that A* is the unique operator satisfying for all u and v in S, {Au\v) = {u\A*v). 
We remark that d^d^a{x, G 5"-^'^-^ and dldla{x, i) G 5"^-2'9-2. 

Let 0(2;, e) G 5"^'^ and G then there exists c(x, G S'^W.g+g' 

such that a{x, D)b{x, D) = c{x,D). 

Remark that following (|56|) . we have a{x,D)D = c{x,D) where c(x,^) = a{x, 



Let a(x,e) G S™'? and b{x,C) G 5™''''' then there exists c{x,C) G ^m+m'- 1,9+5'-! 

such that [a{x, D),b{x, D)] = c{x,D) moreover (60) 

there exists ro(x,0 G 5'"+™'-2,q+g'-2 g^^j^ ^j^^^^ ^^^^^^ ^ 1 {^^ ^) + ^^(a;, ^) 

We recall for operators A and S we have [A, B] = AB — BA and {a, b} = d^ad^b — dxad(b. 
In some cases we have exact formula, for instance [D,a{x^D)] = j{dxa){x, D). 

In lemma [6] u is real valued but it is convenient to write the integral in the following form 

{-\D\°'u)uxip{x) = lm{ip{x)Du\\D\°'u) = -^{{\D\"'^pD - Dip\D\"')u\u). (61) 

Let X G Cg°(M) such that < x < 1, x(0 = 1 if |?| < 1 and x(0 = if |C| > 2. We set 
T = \D\°'ipD - DiplDl"" =Ti+T2 where 

Ti = \D\^{1 - x{D))vD - D^{1 - x{D))\D\^ (62) 
T2 = \D\"xiD)v^D - D^x{D)\D\'' 

The proof of lemma [6] follows from (j6ip . (j62p and the two following claims. 

Claim 1. There exists C > such that for all u G S we have 

i{Tiu\u) = (a - 1)((/.|L>|"(1 - xiD))Mu) + R (63) 

where R satisfies \R\ < C\\(j)u\\'^. 

Claim 2. There exists C > such that for all u G S we have 

i{T2u\u) = {a- l){(l)\D\''x{D)(l)u\u) + R (64) 
where R satisfies \R\ < C||(^ti|p. 

Proof of ClaimU^ In the following we set a{x,S,) = (/?(x)|^|"(l — xiO) have a(x,^) G 

5""'°. With this notation we have Ti = a{x, D)* D — Da(x,D). Following (j58p . the symbol 
of a{x,D)* is 0(3;,,^) + jdxd^a{x,^) - \d1d'^a{x,i) + ro(x,.^) where ro(x,,^) G S*""^'"^. We 
obtain, following (j60p and remark below, 

Ti = [a(x, D),D] + \{dxd^a){x, D)D - \{dldl)a{x, D)D + ri(x, Z?) 

(65) 

= i{dxa){x,D) + \{dxd^a){x,D)D - \{dldla){x,D)D + n{x,D) 
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where n{x,C) = ro{x,C)^ G S"~'^'^^ C 5"°"^^ We have, by ([5 



\{ri{x,D)u\u)\ = \{{xYri{x,D)u\{x)-'"u)\ < C 



{xy 



(66) 



because {xyri{x,D) = r2{x,D) where r2{x,(,) £ S^'~^. 

We remark that the symbol of {d'^d'^a){x, D)D is real valued, we can apply the following 
claim. 

Claim 3. Let b{x,^) G 5"*''^, real valued then there exists C > such that for all u £ S, we 
have 

\lm{b{x,D)u\u)\ <C\\{x)^{D)'^uf (67) 

By definition (Tiu\u) = 2ilm{Du\a{x, D)u), it is sufficient to consider the imaginary 
part of the term of ([65|) . In particular lm{{d'^d'^a){x, D)Du\u) and we have ((9^9|a)(x, ^).^ G 
5.a~i-2_ rpj^g Claim El gives 



\Im{{d^dla){x,D)Du\u)\ < C\\{x)-2 {D) — u\\^ < C 



{xy 



(68) 



following ([57]) and (x) ^(^)%^ g S^'~^ C 5"°' 



-2r 



Proof of Claim\^ We have 2ilm.{b{x ^ D)u\u) = {{b{x,D) — b{x, Dy)u\u). By we have 
5(x,L>)* = 6(x,L») + ro(x,Z)) where ro(x,0 G gm-i,q-i_ j^^^^g 2i Im(6(x, D)u|n) = 

q—1 m— 1 \ I / \ 9~ / m — 1 ^ . g— 1 m — 1 

((x) 2 (D) 2 ro(x, L')nl(x) 2 (D) 2 ti) and following (j59|) (x) 2 (D) 2 ro(x,D) = 
c{x,D) where c(x,^) G 5^^'^. We conclude by ([ST]) . □ 



Following (f65]l , (i66]l , ([681) and notation of Claim (U we have 

(Tiuju) = (i((ax.a)(x,L>) - {d^d^a)ix, D)D)u\u) + R 

We have 

(a.a)(x,e)-(5.a^a)(x,0e = ¥^'(rE)|er(l-x(0) 

-a(^'(x)i^r-2|^|2(i _ ^(^)) + (^'(x)ierx'(o 
= (1 - a)(^'(x)ier (1 - x(0) + ^'i^Mrx'iO- 

We have ¥''(x)|.^|"x'(0 ^ 5'^'"^'' because x' is compact supported in M \ 0. We have 



(69) 



(70) 



\{^'{x))\D\-x'{D)u\n)\ = \{{xy^'{x))\D\-x'{D)u\{x)-^u)\ < C 
following ([MD and ([57|). By ([MD, ([ZO]) and ([7I|), we obtain 



u 



{xy 



(71) 



{T,u\u) ={l-a){icl)^\Dr{l-x{D))u\u)+R 

= (1 - a){{icl)\D\^il - x{D))Mu) + {m<l), \D\^{1 - x{D)Mu)) + R. ^ 

Following ([6OD, we have i[(l),\D\"'{l - x{D))] = c{x, D) + ro{x, D) where c(x,0 = lCr(l - 
X(0)} = -4>'{x)d^{\^\'^{l - xiO)) and ro(x,e) G ^"-^.-'^-^ c 5°-^ then \{ro{x, D)u\cPu)\ < 
C||(x)~''up. We have i;^(x)c(x,^) G 5'"~ii"2i"-i ^i,-2r+i ^.^^^ valued, we can apply the 
Claim[lto obtain | lm{(j){x)c{x, D)u\u)\ < C||(x)~'"np. With ([72]), this proves Claimdl □ 
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Proof of Claim\^ Since [D,a{x^D)] = j{dxa){x, D) for any a{x,D), 

T2 = \D\^DxiD)ip{x) - ^{x)\D\^Dx{D) + i\D\^x{D)^' {x) + i^' {x)\D\^x{D) , . 
= [\D\^Dx{D),^{x)]+2i<l,\D\^x{D)<P + i[[\Drx{D)A],(f\ =^1+^12 + ^3. ^'""^ 

We remark that D\D\°'x{D)u = g * u where ^(^) = 
Claim 4. Let Ai = [\D\°'DxiD), 'f], then there exists C > such that for all u £ S, 

i{Aiu\u) = (a + l){^\D\''x{D)(l)u\u) + R (74) 
where \R\ < C\\{x)~^u\\'^ . In particular, 

i{{Ai + A2)u\u) = {a- l){(l)\D\''x{D)(l)u\u) + R. (75) 

Proof of Claim^ We have, by a direct computation [\D\°'Dx{D), if]u{x) = J g{x — y){ip{y) — 
ip{x))u{y)dy. To prove Claim d] we need the following two claims, proved below. 

Claim 5. There exists C > such that, we have 

ip{y) - <f{x) = ^ ^ + Q{x, y) (76) 
{xY{yY 

where Q{x,y) satistifies 

\Qi-^ y)\ < ^ ((,)'+^,'')l+i ^/ \--y\^ \^^-) + ^y)) (7^) 

|Q(x, y)\<C + cj^^ ^/ |x - y| > U{x) + (y)) (78) 

We remark that if |x — y| < \{{x) + {y)) then {x) ~ {y) and if |x — y| > \{{x) + (y)) then 
(x - y) ~ |x - y| ~ (x) + (y). 

Claim 6. Let Ku{x) = J Q{x,y)g{x — y)u{y)dy, there exists C > such that for all u G S 
we have, 

\iKu\u)\ <C\\{x)"'u\\'^ (79) 

Following Claims [5] and [6l we have Aiu = (j)(h* {4>u)) + Ru where |(iiM|u)| < C||(2;)~''m|P 
and h{x) = —xg{x). By definition of g we have 

Kx) = ^ I -xe^^'ki^rxim 

= ^5(e'"^)eierx(o^^ (80) 

In the last equality we use that is a function, and we have d^{£\^\°'x{i)) = (a + 

l)l^rx(0 + ei^rx'(0- Then we have h{x) = hi{x) + h2{x) where hi{i) = -i{a + l)\Tx{i) 
and /i2(0 = -«?l^rx'(0- We have <i){hi * {(j)u)) = -i{a + l){(p\D\°'xiD)(pu){x). This term 
gives the first term of the right hand side of We have 4){h2*[4>u)) = {(t)D\D\'^x' {D)(l)u){x) 
and by ([59j) . D\D\'^x' is an operator with symbol in S^~'^ (we recall x' is supported in 
1 < Id < 2), we have by ([57]), \{D\D\°'x' {D)(l)u\(t>u)\ < CWix^uf. This proves ClaimH □ 
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Proof of Claim\^ By definition (p is bounded then (j78p is obvious. We have '^{y) — ^{x) = 
Ix J^ds then Q(x, y) = /J - ^jy%yF) ds- We have 

1/1 1\ 1/1 1\ 

+ 7rV7 TIu: - TTw: (81) 



We have (s) < (x) + {y) because s G and (s) > inf((x), (y)) ~ (x) ~ (y) ~ (x) + (y) if 

— ?/| < ^((3^) + (y))- To prove (i77|l . it is sufficient to prove, 



1 



Writing - = tp{t)dt where ^p{t) = dt{-^), we have \ip{t)\ < C-^^^, this gives 
(1821). □ 



Proof of ClaimlSi Writing ((iirM)(x)|n(x)) = {{xyK{{yY{y)~^u){x)\{x)~'^u{x)), it is suffi- 
cient to prove that {xY K{{yYv){x) defines a bounded operator on L^. The kernel of this 
operator is H{x,y) = {xY {yYQ{,x,y)g{x — y) = Hi{x,y) + H2{x,y), where Hi and H2 are 
H restricted respectively to the regions |x — y| < ^((x) + {y)) and |x — y| > ^((x) + (y)). 
Following Lemma [151 we have |y(x — y)| < ^^_^c.+!j ■ 
From Claim [5] we have 



\Hi{x,y)\ < C- 



(x-y)"+2((x) + (y)) 



2r+l 



c 

- (x-y)"((x) + (y)) ^^^^ 
< 



(x - y)°+i 

and 

We claim J H^{x,y)dy < C (and by symmetry J H'i{x,y)dx < C). Indeed, 



/ H-i{x,y)dy < / H3{x,y)dy+ / H3{x,y)dy 

■J -'Ivkbl -'lwl>la;| 



|y|<|x| ■^|y|>|a;| 
< C(x)'^-(°+2) f {yYdy + C{xY [ {yY~'-"^^^dy < C(x)2^-("+^) < C. 

J\y\<\x\ J\y\>\x\ 

The same estimate is trivially true for Hi and H4. Thus, by Schur's lemma, the operator 
with kernel H is bounded on L^. □ 

Claim 7. Let = i^[\D\'^x{D), (/>], (j)] , there exists C > such that for all u ^ S we have, 

\{A3u\u)\<C\\{xr'u\\^ (85) 
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Proof of Claim^ We set h{x) = ^ f e*^^|C|"x(0^'^- Following LemmafTSj there exists C > 
such that \h{x)\ < We have [[|Z)|"xP), 0], </>] « = J h{x - y){^{x) - cp{y)f u{y)dy . 

We need the following Claim to continue. 

Claim 8. There exists C > such that 

- 4>{y)\ <j\^ + j\^if\x-y\> liix) + (y)) 

{xy {yy 2 



Proof of Claim\^ We have (j){x) — (j){y) = ({s)ds where C = ds have \C{s)\ < 

l^gy+i ■ If 1^; — y| < ^{{x) + (y)), we have (s) ~ (x) ~ (y) ~ (x) + (y), this gives the first 
inequality. The second one is obvious. □ 

We argue as in the proof of Claim [6l Let R{x,y) = {xYh{x — y){(j){x) — (l){y))^ {yY = 
Ri{x,y) + R2{x,y) where Ri and R2 are R restricted respectively to the regions |x — y| < 
^{{x) + (y)) and \x — y\ > ^{{x) + (y)). It is sufficient to prove that R defines an bounded 
operator on L^. 

We have 

\p ( w < r {xY{yY\^-y? 

' - ^ {x-yr+^{{x) + {y)r+^ ^gg^ 

< ^ 



And 

\R2{x,y)\ < C- 



{x - y)"+i 
{xY{yY (II 



< 1 pTTT^ + i f^-rr^ = R'i{x,y) + Riix^y) 

- {x-yY+^{yY {x-yY+^{xY ^ ^' ^ ^' 

By symmetry, it is now sufficient to prove that -R3 defines a bounded operator on L^. We 
have 

'"i?3(x,y)(x)-^dx < C(y)-^ and ^ i?3(x, y)(y)-"dy < C{x)-"^ (88) 

if r < ^y^. Using a variant of Schur's lemma (see e.g. Theorem 5.2 in [13]), the operator 
with kernel R{x,y) is bounded on L^. □ 

By ([73]) . the claims [H and [7] we obtain i{T2u\u) = {a — l){(j)\D\°^x{D)(l)u\u) + R where R 
sastifies the required estimates to prove Claim [21 □ 

Lemma [6] follows from the Claims [T] and [21 □ 

Proof of Lemma We have 

{-\D\'^u)uip'dx = {-(j)'^\D\'^u\u) = (-(/)|L>|"0u|u) - {(f)[(f>, |I)r]u|n) (89) 
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As the left hand side is real, we can take the real part of the last term and we have, 

2Re{cl)[<P,\Dnu\u) = {cl)[<P,\Dnu\u) + {u\<P[cl),\D\^]u) 

= (0[(/.,|L>|"]n|u) -([</., |Z)|"]</.n|u) = ([(/),[(/., |L»|°]]u|n) ^ ' 

By pseudodifferential calculus ()60|) . the symbol of [(p, \D\°'{1 — xiD))]] is in 5"-2,-2r-2 ^ 
g0,-2r ^j^gjj satisfies 

|([0, [0, iDfil - x{D))]]u\u)\ < C\\{x)-^uf (91) 
The term ([(/>, [(/>, |L>|"x(^)]]^ik) < C\\{x)-''u\\^ by Claim H This proves that 

{-\D\''u)uip'dx < -|||Z)|t(0u)f + CWixyuf, (92) 
and completes the proof of Lemma [71 □ 

4.3 Monotonicity result on r]{t) 

For future use, we also state a monotonicity result for rj{t), restricted to the regular regime, 
i.e. the situation where the solution stays close to a fixed soliton. 

Proposition 4. Let r G (^, ^(a + 1)] and < /x < 1. Under the assumptions of Lemma 
with the restriction Xo{t) = 1, for eo = eo(/x, r) small enough and A = A{fj,,r) large enough, 
there exists C = C{fi,r, A) > such that for all xq > 1, 



dy 



< I rj^{si,y) (pAiX°'{si)y - xq - n{s2 - si)) - (pAi-xo - fJ.{s2 - si)) 



dx 



(93) 



+ CI 

si {Xo + fJ,{s2 - S)y'' 



Sketch of proof . Using Lemmas [6HZ1 the proof is similar to the one of Proposition 2 in |17] . 
the only difference being the additional scaling parameter A(s) (close to 1) in the present 
situation. Let 



y = xl {s)y -xo- n{s2 - s), M^(s) = \ j v'^i^) ^^(y) - ^a{-Xo - /x(s2 - «))] ■ 

Using the equation of r/(s) (see Lemma [SI), Lemmas [6H7| and estimates on (pA, as in \17], one 
finds 



'- (l(, + M»2-«)P'' 

and the result follows by integration on [si,S2]. □ 

5 Nonlinear Liouville property and asymptotic stability 

This section is devoted to the regular regime: we study rigidity properties of the nonlinear 
equation ([1]) in a neighborhood of a soliton. In this section, < a < 2, where oq is given by 
Proposition [2] and Q denotes the only ground state solution of ([9]) . Note that we could also 
work with a general 1 < a < 2, assuming the linear Liouville property. 
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5.1 Nonlinear Liouville property 

Proposition 5 (Nonlinear Liouville property). Let qq < a < 2. There exists e > such if 
u{t) is a global (t €zM.) solution of ([T|) satisfying for some XQ{t), 

yt£R, ||n(t)-Q(.-xo(t))||^^ <e, (94) 

\/d > 0, 3B > 0, Vt G M, / \u{t, x - xo{t))\'^dx < 5, (95) 

J\x\>B 

then u{t,x) = Qxq{x — xq — Ag^t) for some xq G K and some Aq close to 1. 

Proof. The proof of Proposition [5] is by contradiction. Assume that there exists a sequence 
Un{t) of global H2 solutions of ([T]) close to a translation of Q for all time and such that their 
decomposition parameters rjn{t), \n{t), Pn{t) given by Lemma [5] satisfy 



sup MA„(s) - 1| + ||r/„(s)||^a j asn->+oo, (96) 



Vn ^ 0, (97) 
Vn, V(5, > 0, Vt G M, / \un{t,x + pn{t))\'^dx < 6. (98) 

We follow the strategy of [17], proof of Theorem 2. Define ^ bn = sup^gjg ||^/n(s)||L2! 6n — ^ 
as n — )• +00. Then, there exists Sn such that ||??n(sn)||L2 > ^bn- We set 

, ^ Vn{Sn + S,y) 

Wn[S,y) = 7 , 

On 

and we claim the following convergence result for the sequence (wn)- 

Lemma 8. There exists a subsequence of (wn), denoted {wn') and w G C(M, L^(R)) n 
L°°(M,L2(M)) such that 

Vs G M, tDn'('5) ^ t(^(s) L^(M) weaA; as n ^ +oo. 

Moreover, w{s) satisfies for some continuous functions /3(s), 7(5), 

= (Lw)y + /3(s)Q' + 7(s)AQ onMxM, 

u; / 0, y xo^^ = y Q'w = 0, 



VsGM,Vyo>l, / w\s,y)dy<^, 



Sketch of the proof of LemmalM We proceed as in [17], proof of Proposition 5. 

Decay estimate. From Proposition d] (with r = S2 = s and si — )• —00) and (j98|) . it follows 

that 

V2/o>l,VsGM, / r,l{s,y)dy<^, / xi;2 (5, y)ciy < — . (99) 
J\y\>yo Vo J\y\>yo yo 

Local smoothing estimate. As in |17j . we obtain using the equation of Wn{s) 

-1 r 

|Dt {wnis, y)^/^\^dyds < C. (100) 
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Compactness in . Following (f99|) and (jlOOp . there exists t„ G [0,1] and a subsequence of 
{wn) still denoted by {wn), so £ [0, 1] and Ws^ G such that 

WniTn) — > Wso ^ ■, SO aS n — ^ +00. 

Moreover, / Ws^Q' = J Ws^xo = 0. 
Next, note that 

Wns = dy{Lwn) - dy [ -^Ti{bnWn)] + ^^{AQ + 6„Au;„) + 7^ ( ^ - 1 I dy{Q + 

\t>n / 0„ An t>n J 

= dy{LWn) - dy (^^{bnWn)^ + PnQ' + In^Q + hnF'^ + &nG„ + bn^nWny + bn%AWn, 

where 

/5n = jj^ I WnHQ"), /3„ = 1 f ^ - 1 j , F„ = i-(/3„ - l3n)Q, 
J AQxo y o„ A„ bn 

Set 

= ti;„(s) - AQ f\n{s')ds' - Q' T [ + 2 T ^n{s")ds"\ ds', 

then 

Wns = dy{LWn) - dy (^U{bnWn)^ + bnP'^ + 6„G„ + bn^nWny + bn%AWn, 

Consider it;(s,y) the unique global solution of 

Ws = dy[Lw) on M X M, w{sq) = Wsq on M. 
Then (see proof of Lemma 9 in [17]), we have 

Vs G M, Wn{s) w{s) in weak. 
Finally, Lemma [5] is proved with 



where 



w{s, y) = w{s, y) + AQ / -f{s')ds' + Q' /3(s') + 2 / -f{s")ds" ds' 

J so J so \ J so J 

lis) = / wLix'o), m = j {w + KQ £ ^{s')ds'^ L{Q"). 



□ 



We finish the proof of Proposition [5] by observing that the function w{s, y) constructed in 
Lemma [8] contradicts the linear Liouville property, thus reaching the desired contradiction. 
Indeed, using the strategy of the proof of Corollary 1 in |23j . we obtain 

w{s,y) = a{t)AQ + b{t)Q' . 

But since J wxo = / wQ' = 0, we obtain a{t) = b{t) = and thus = 0, which is a 
contradiction. □ 
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5.2 Asymptotic stability in the bounded regime 

The next proposition is not used in the proof of Theorem [5] but it is stated as a consequence 
of Proposition [5] and the monotonicity arguments of Section 4. 

Proposition 6 (Asymptotic stability). Assume ao < a < 2. There exists e > such if u{t) 
is a global (t gM.) solution of ([T|) satisfying 

VtGM, inf ||n(t) -Q(. -xo)|Ls < e, (101) 
then there exist X{t) > 0, p{t) E M such that 

r]{t, y) = {t)u {t, Ai {t)y + p(t)) - Q{y) 

satisfies 

— 

r]{t) in H 2 as t ^ +oo. 

Except for the presence of the scahng parameter, it is similar to the proof of Theorem 2 
from Theorem 1 in [T^. It is also close to the original proof for the gKdV equation in |25j . 
We thus omit the proof. 

6 Finite or infinite time blow up in the energy space 

In this section, we prove Theorem [2] following the strategy of |30j and using the classification 
result given by Proposition [5j 

Let a £ (ao, 2] where ao be given by Proposition [2l Consider an initial data n(0) G (M) 
such that 

E{u{0)) < and < /3(u(0)) = j u^{0) - j < /3o, 

where /3q is small enough (to be chosen) and u{t) the corresponding solution of ([1]). Let [0, T), 
< T < +00 be the maximal interval of existence of u{t) as a solution of ([T]) in (for 
t > 0). 

We need the following variational result concerning negative energy functions, with 
norm close to the norm of Q. 

Lemma 9. There exists /3o > such that for all v G Hi^ if E{v) < and f3{v) < f3o then 
there exists xo G M, Ao > 0, e = ±1 such that 

\\Q-exlv{xl{x + xomH9<m, 

where 6{(3) — ;> as /3 — ^ 0. 

We omit the proof since it is similar to the one of Lemma 1 in [30] , using (|4ip . 

By conservation of mass, of energy and under the assumptions on u{0), for /3q small 
enough, it follows from Lemma [9] applied to u{t) for all t £ [0, T), that u{t) is close to 
±QxQ(t){^ ~ Poii)) ^or some Ao(t), po(t). Without loss of generality, and by continuity in H^^ 
we assume that u is close to +Q (up to scaling and translation), by possibly considering —u 
instead of u and using the invar iance of the equation. 
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Now, from Lemma[5l possibly taking /3o smaller, there exist A(t), p{t) on [0, T) such that, 
for ah t G [0,r), 

rj{t, y) = X^{t)u{t, {t)y + p{t)) - Q{y) 



satisfies 



Q'iy)r]{t,y)dy = / xo{y)vit,y)dy = o 



Mt)\\^^<c^Mum, 



+ 



aI 



1 



(102) 

(103) 
(104) 



Note that Lemmas [9] and [5] only give < Cd{/3{0)), where 5(/3) is defined in LemmaO 

but not explicit. Actually, in this context, this estimate can be refined to get (jl03p by using 
energy arguments, exactly as in the proof of Lemma 3 in [30] , 

Now, we prove that 

• Either the solution u{t) ceases to exist in finite time < T < +oo and consequently by 



Theorem [H lim 



t-fT \\U 



+00. 



Or it exists for all time and then lim 



t^+oo \\U 



+00. 



The proof is by contradiction. Assume on the contrary that the solution u{t) is globally 
defined in for t > and that there exists an increasing sequence — ^ +oo and cq > 
such that 

||n(t„)||^^ < CO. (105) 
We proceed in four steps to reach a contradiction. 

Step 1. Renormalisation and reduction of the problem. We recall that ||tf(i)llL2 is bounded 
and we define 



liminf |||Z?| 2 

t— 5- + 00 



L2 < 00. 



Note first that i > 0. Indeed, for all time t, J |n(t)|2"+2 > -(a + l)(2a + l)E{u{0)) > and 
by the Gagliardo-Nirenberg inequality ([8]), we obtain i > 0. From the definition of i, there 
exists to such that 



\\\D\^uito)\\L2 <iil + /3o) and yt > to, \\\D\^uit)\\L2 > i{l - Po). 
We consider the following rescalled version of u{t,x): let A 

u{t, x) = Xau ( A^^at + to, Aq X ] 



1^4^ and 



Note that \\Q\\l2 < ||^i(0)||^2 < \\Q\\l2+f3o, E{u{0)) < 0, /3(n(0)) < /3o, u{t) is still a solution 
of ([H) in fft defined for all t > 0, and for all t > 0, \\\D\^u{t)\\L2 > (1 - /3o)|||Z?| tQ||^2. 
Moreover, there exists a sequence tm +00, such that 



lim |||_D| 2 n(tm)||i2 = llli^l 2 (511^2 and lim tm+i-tm = +00. 
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Let rj{t), X{t) and p{t) be the parameters of the decomposition of u{t) given by Lemmas [9] 
and [5l Then, for /3o > small enough, 

Vt > 0, X{t) < 2. 

From the bound of u{tm) in , there exists u{0) £ such that after possibly extracting 
a subsequence (still denoted by (tm)) 

u{tm, ■ + p{tm)) u{*d) in as m ^ +oo. 

Taking /3o small enough, it is clear that n(0) is close to Q and in particular cannot be zero. 
Let now u{t) be the maximal solution of ([I]) in corresponding to n(0) given by Theorem[TJ 
We denote by (— Ti,T2) the maximal interval of existence of u{t). Without a further analysis 
through Steps 2-4 below, we do not know if u{t) is globally defined for t > or t < 0. 

Step 2. First properties of the limiting problem. 
Lemma 10. The following holds 

< /3(n(0)) < /3o and E{u{0)) < 0. (106) 

Proof of Lemma \10l Let 

Vm{x) = u{tm, X + p{tm)) ^ in as m — ?■ +oo. (107) 

By weak convergence 

/?(n(0)) < liminf/3(z;„) </3o. 



The positivity /3(ti(0)) > is a consequence of the negativity of the energy of n(0) and (p8|) . 
which we prove now. 

Let X e Cg°(M) such that < x < 1, x(2;) = 1 if |x| < 1 and x{x) = if |x| > 2. Let 
Xa{x) = x{x/A), for A> 1. Then, 

E{Vm) = \\{\D\'^Vrn)VxX)\\l2--r—^7:r—T{ I \VmXA?''^^ + E{Vra{l-XA)) + Rm,A + Rm,A^ 

(1 + a){2a + 1) J 

where 

Rm,A = \\\D\'ivm\\l2 - \\{\D\'^V^),/^)\\\2 - |||I?|^(v„(l - XA))|li2, 

(l + a)(2a + l)y I''™' 
First, we control the term Rm,A- Note that from standard arguments, for all u, 

\D\fil - xa)u\\ - 11(1 - XAm'luW < C\\[\D\f,il - xa)]u\\ = C\\[\D\f,XAH < -^Ml, 

A2 



and so 



\D\^il-XA)uf < il + A-^\il-XA)\D\^uf + -^\\u\\ 



Combining these two estimates, we get 



Rrn,A > -CA "^WVmWl- > -CA f 
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Next, we control Rm,A- By weak convergence in H ^ and the properties of XA, we have 

lim Rm,A = , J, , [ |n(0)p-+2(l _ ^2.+2 _ (1 _ ^^)2.+2) ^ 



(l + a)(2a + l) 

Moreover, from the definition of XA, the following holds lim^_)._|_(X) -Ra = 0. 

Finally, by (p8|) (Gagliardo-Nirenberg with best constant), we have — Xa)) > 

since for A large and /3o small, for all m, f v^{l — xa)"^ — hi Q^- 

Therefore, 

> E{uiO)) = E{v^) > \\i\D\'^Vm)VxX)\\h - ^i + a){2a + l) J l^™^^''""'' 
-CA-^\\u{0)\\h+Rm,A 
and passing to the limit as m — )• +oo, we get 

> E{m) > ll(l^l^^(o))/^)lli^-(TT^p^TI) / l^(o)xA|'"+'-CA-t||n(o)||i.+i?^. 

Finally, passing to the hmit as j4 — ;> +oo, we obtain > E{u{0)) > E{u{0)). □ 

Lemma 11. For all t G i-Ti,T2), 

u{tm + t,p{tm) + ■) ^ u{t) in (R) as m ^ +00. (108) 

Moreover, iffj{t,x), X{t) and p(t) are the parameters of the decomposition ofu{t,x), then for 
allte {-Ti,T2), 

X{t^ + t) ^~X{t), p{t^ + t)-p{tra)^p{t). (109) 

The first part of Lemma [TT] follows from Theorem [3l By lemmas [TOl and [9l u{t) is close 
to Q (up to scaling and translation) for all t S {—Ti,T2), and we can apply lemma [5] to 
obtain a refined decomposition of u{t) around Q, denoted by ??(t), A(t) and p{t). Then (1109P 
follows from standard limiting and uniqueness arguments which we omit. See [30], Lemma 8, 
Corollary 2 and references therein. 

Step 3. Decay properties of the limiting problem by monotonicity properties. 
Lemma 12. For all t G {—Ti,T2), for all xq > 1, 

ii^(*)iii^(k-pwt>xo)^^i^or". (110) 

Proof of Lemma UM The main ingredient of the proof is Proposition [3] applied to u{t). Fix 
= ^, r = A large enough, and let Co = C(^,r, A) > be the constant given by 

Proposition [3l 

First, we prove the decay estimates on the right. Let t G (— Ti,T2) and m be such that 
tm + 1 > 0. From ([1^ applied to u, t2 = tm + 1 and ti = 0, we have 

u'^itm + t, x)ipAix - p{tm + t) - Xo)dx 

< I n2(0, x)^a{x - /5(0) - \{p{t,n + t)- p(0)) - XQ)dx + 

J Xq 
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Thus, passing to the hmit as m — )• +00, using p{tm + 1) — )■ +00 when m — )• +00, we have 

/Co 
u'^itm + t, x)ipA{x - p{tm + t) - XQjdx < -gfTT- (HI) 
Xq 

It follows from the previous estimate and Lemma [TT] that 

v?{t, x)lpa{x - p{t) - xo)dx < . 

Xq 

Second, we prove decay estimate on the left. Let t G (— Ti, T2) and let m, m' be such that 
tm > tm' + 1. Using ([50|) . we obtain 



U^{tm, x)ipAix - p{tm) + ^{p{tm) " p{tm' + *)) + Xo)dx 

Co 



< U {tm' + t, x)(Pa{x - p{tm' +t) + Xo)dx + 



X, 



2r-l ■ 




By Lemma [TT| we have on the one hand, for m' fixed, 

liminf / V^{trn,x)(pA{x - p{trn) + h{p{tm) - p{tm')) + Xo)dx > I U^{t), 
m— >-+co J 

and on the other hand, using (jllip . 



It follows that 



limsup / u'^{tm' + t,x)ipA{x — p{tm' + t) + xo)dx 

m'— >+oo J 

< / u^{t,x)ipA{x - pit) + xo)dx + 



2 Co 

u^{t, x){l - ipa{x - p{t) + xo))dx < 



Lemma [T2] is now proved. □ 

Step 4. Conclusion of the proof by rigidity properties. From ()106p and Lemma [9l we have 

|A(0) - 1| < 5(/3o), where lim 5(/3o) = 0. (112) 

/3o-i-0 

We claim the following lemma to be used as a bootstrap argument on the behavior of A(t). 
Lemma 13. Assume further that for —Ti < —ti < < t2 < T2, 

Vte(-ti,t2), |A(t)-l|<i, (113) 

then for some e > 0, 

ViG(-ti,t2), f]{t)£L^{M) and J \ii{t,x)\dx < (114) 
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Assuming Lemma [T3l we finish the proof of Theorem [2j Using the invariant 

VtG (-ri,T2), J uit) = J u{0) 

and Lemma [131 we prove that the solution u{t) is global (i.e. Ti = T2 = 00) and 

|A(0) - 1| < J(/3o), lim5(/3o) = 0. 



By (fTT3]) . (mH), for ah t G (-^1,^2), we have 



u{t) - / Q 



rx(t) 



0' 



and so since / Q\ = Aq /Q, 

A(t)i - A(0)i 



< 



A(0) 



(115) 



Therefore, by a standard continuity argument, (jll2p . (jll3p and thus (jll5p are satisfied on 
(— Ti,r2). Thus, u{t) is bounded on (— Ti,T2) in , which proves that Ti = T2 = 00, and 
means that u{t) is global. Moreover, ()115p is satisfied for all t G M. By Proposition [5l u has 
to be a soliton but this is a contradiction with E{u{0)) < 0, since the energy of a soliton is 
zero. This concludes the proof of Theorem [2] assuming Lemma [T3j Thus, we only have to 
prove Lemma [T3l 

Proof of Lemm.a[T3[ We prove the result for t G (0, t2), the proof being the same for negative 
times. Let < e < ^(a — 1) small to be chosen later. As long as (jll3p is satisfied, we have 
by Lemma [T^ 

x'q I u'^{t,x + pit))dx <C\xo\-''^'. 

J \x\>xo 

Integrating this estimate in xq and using Fubini theorem, we obtain 

|x|^+'M^(t,x + /9(t))(ix < C. (116) 
By the definition of f/(t) and the decay properties of Q, as long as ()113p is satisfied, we obtain 

\x\^^'f{t,x)dx <C. (117) 
In particular, by Holder inequality. 



\fl{t)\ < \\v 



L° 



\^{t)\\l + \x\)T^ 



l-c 
1 \ 2 



< C\\fj\\l^ 

and the result follows from ||^||loo < and Lemma El 



l + e 
1 \ 2 

l + lxl) ^-'^ 



□ 
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A Appendix 



In the appendix, we gather the proof of standard results for reader's convenience. 



Lemma 14. Let r > ^ and a > — 1. Let 



Then 

(i) There exists C > such that 



(J 

\9a,M\ ^ 



{x) 



a+l ■ 



(a) The function h is continuous, and for any M > 0, there exists Cm > such that 

\H0\ < 

Moreover, h G C°°(M \ {0}) and for a// /? G N, q> 0, there exists C^^q > such that 



Proof. The proof is standard. Clearly /i is a continuous and bounded function. By integration 
by part we have, 

{ii^KO = ({-d,f{e-'-^)^dx 

^ ^ ^ (118) 



{x) 



2r 



dx 



C 



We have \{dx)^ I j | < 2r+JV '^l^i^h is an integrable function and so ^^h{$,) is 

\ (x) J {x) 
bounded. This gives the first part of (ii). 

Let X G C^(IR) such that < x < 1, x(0 = 1 if ICI < 1 and = if |C| > 2, we set 

hwiO — I ^~^^^'(^^x{7f)dx, hN — >■ h uniformly and in particular in T>', then O^Hn d^h 

in v. Let M > to be fixed below, we have for some non important constants C, 

= J e-^^-^xi^)dx 

= Cp,M j d^{e-^^^)^x{^)dx (119) 



Mi+M2=M " . / • 



Wehave|9fi(^)|<^;^p^. 

If M2 > 1, the integral is restricted to A'" < |a;| < 2iV and we have 
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then these terms goes to if 2r — /? + M — 1 > 0. 

If M2 = 0, i^^'^2r-ii+M is integrable if 2r - /3 + M - 1 > 0. This imphes that C^<9^/i7v(0 

C/3,M / e~^^^d^^ {^^^)dx uniformly and since ^^^d^h^ — ^ £,^^d^h in V, we obtain 

/3 



/^(O = C^,Af I e-'<d^\^,)dx (121 



If we take M = /3 we obtain the second part of the estimate (^iij if |^| < 1. If we take 
M = P + q we obtain the second part of the estimate (ii) if |^| > 1. 
Now, we prove (i). We set ga,r{x) = ^{gi{x) +52(2^)) where 

g,(x) = /e-«ier/i(e)(i-x(e))t^c 

(122) 



Fohowing (ii), |4|"/i(0 is integrable, thus gi is continuous and bounded and for all M > 0, 

\d^^i\^rKm-x{m\<j^ (123) 

moreover, by integration by part, we have 

xf'g^ix) = I i'^e-^af (ier/i(e)(i - xiom im 

(fT23]l and (fT2i]l give that xl^gi{x) bounded for ah (3. 

To estimate 52 we assume x > 1, the case a; < — 1 follows by the same way. We set x^^ = a. 
We have 

g2{x) = / e*'^|a|"/i(f )x(f )dCT = x-'^-^kiix) + k2{x)) where 

h{x) = /e-x(^)kr/i(f)x(f)t^^ (125) 
hix) = /e-(l-x(^))krMf)x(f)«!cT 
Obviously ki is bounded. By integration by part we have 



X X 



Y: I e'-a^((l-x(a))kr)p^(a.^^/i)(^)(9.^3^)(^)rf^ 



(126) 



Ni,N2,N3 



We have \d^ {(I - x(^))kr)l < 

If N-^ > 1, a; < jo"! < 2x and we obtain 



|9^((1 - x(a))kr)p^(5.^^/.)(^)(9.^3^)(^)|da < ^-p^ (127) 



which is bounded if > a + 1. 

If = 0, following (ii), we have 



\d^^{(l-^{a))\an^{d^-h){-)x{-)\da< [ j-^da (128) 

X ^ XX J \0 1 

which is bounded for N large enough. This proves (i). □ 
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Lemma 15. Let p(^) an homogeneous function of degree (3 > —1. Let x S C^(M) such that 
< X < 1, X(e) = lif\i\<l and x(0 = i/ 1^1 > 2. Let 

m = ^ ! e'^'^piOxim (129) 



2vr „ 

then for all q gN, there exists Cq > such that for all x €zM. 

< (130) 

Proof. The proof is standard. We have dxk{x) = ^ f e^^H'^'O'^PiOxiO^C and as (iCYpi^) 
is homogeneous of degree f3 + q, it is sufficient to prove Lemma [15] for q = 0. We shall 
prove the estimate for x > 1, the case x < —1 follows by the same way. We set y = 
in integral, we have / e*^^(i^)'^p(^)x(0'^C = '^^^ f ^^^p{y)x{^)dy- Lemma [15] will be proved 
if we prove that J" p{y)x{^)dv is bounded. We set Ji = J e.^^p{y)x{y)x{^)dy and J2 = 
/ e^yp{y){l — x{y))x{x^dy. We remark that Ji does not depend of x if x large enough. We 
prove that J2 is bounded by integration by part. For N > /3 -\- 1 we have dy e*^ = i^e*^ and 
by integration by part we have, 

J2= Cn,m [ e^'d^-p{y)d^-{l - x{y))^^{d^^x){-)dy (131) 

If > 1 we integrate on compact domain and these integrals are bounded. 
If A^3 > 1 in these integrals we have x < |y| < 2x and 

le^^af p(y)(l - x(y))^(af ;^)(|)| < C|x|''-^i-^^ < C\x\~' (132) 

then these integrals are bounded. 

If = iVg = 

le^^af p(y)(l - x(y))x(f )l < C|y|''-^(1 - xiy)) (133) 
and this function is integrable. This proves Lemma [TS] □ 
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